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Theory of Umklapp-assisted recombination of bound excitons in Si:P
Michael N. Leuenberger and L. J. Sham
Department of Physics, University of California San Diego, La Jolla, CA 92093
(Dated: June 5, 2018)
We present the calculations for the oscillator strength of the recombination of excitons bound to
phosphorous donors in silicon. We show that the direct recombination of the bound exciton cannot
account for the experimentally measured oscillator strength of the no-phonon line. Instead, the
recombination process is assisted by an umklapp process of the donor electron state. We make use
of the empirical pseudopotential method to evaluate the Umklapp-assisted recombination matrix
element in second-order perturbation theory. Our result is in excellent agreement with the experi-
ment. We also present two methods to improve the optical resolution of the optical detection of the
spin state of a single nucleus in silicon.
PACS numbers: 71.35.-y, 78.67.-n, 03.67.Lx, 76.70.Hb
I. INTRODUCTION
Proposals on quantum computing in semiconductors
have recently attracted a great deal of attention.1,2 The
main idea is to use the electron spin of quantum dots in
semiconductors3 or the nuclear spin of shallow donors in
silicon4 as a qubit for quantum information processing. A
complete quantum computation consists of, besides the
single- and two-qubit operations, the initialization and
the readout of the qubits. While the initialization and the
readout of the electron spin in quantum dots have been
successfully demonstrated experimentally,5,6 it remains
an experimental challenge to read out the nuclear spin of
a donor electron in silicon.
It has recently been proposed that the photolumines-
cence of excitons bound to phosphorous donors can be
used to detect the spin state of a single donor nucleus in
silicon.7 This scheme for optical readout could render the
recent quantum computing proposal using conditional
NMR and ESR pulses feasible.9,10 Although experiments
have shown that the recombination of the bound exci-
ton follows strong optical selection rules,11 it has been
unclear what physical process is responsible for the no-
phonon line of the optical recombination of the bound
exciton. In contrast to the phonon-assisted recombina-
tion, the no-phonon line represents the recombination
process without phonon assistance. A shell model that
accounts for the selection rules has been proposed in
Ref. 12. The shell model has been later improved in
Ref. 13,14 by a Hartree-Fock calculation that takes the
multivalley character of indirect bandgap semiconductors
into account and therefore is in good agreement with the
measured fine-structure excitation spectrum of the bound
exciton complex.15 The Hartree-Fock calculation fails to
predict binding energies. This problem was overcome
by a density-functional calculation that takes the cor-
relation energy into account.16 However, neither model
gives a satisfactory physical description of the recombi-
nation process for the no-phonon line and thus is un-
able to quantitatively reproduce the measured oscillator
strength fexp in Ref. 17. Our calculations show that the
probability for direct recombination of the bound exci-
ton is negligibly small. Here we present a physical model
of the recombination process that accurately reproduces
the oscillator strength fexp of the no-phonon line. In our
model the recombination of the exciton is assisted by the
Umklapp-process of the donor electron. In Sec. II we
give a detailed description of our model, where we intro-
duce the Coulomb scattering of the bound and the donor
electron. For the evaluation of the recombination matrix
element, we make use of the empirical pseudopotential
method18,19,20 to calculate the bandstructure of silicon
with 137 reciprocal lattice vectors at 100 points inside
the first Brillouin zone in X direction. This technique
is applied to our model in Sec. III. Then we use the re-
sulting Bloch states to calculate the oscillator strength of
the Umklapp-assisted recombination in second-order per-
turbation theory, which is shown in Sec. IV. In Sec. V
we present two methods based on optically detected mag-
netic resonance (ODMR) to improve the resolution of the
readout of a nuclear spin of a donor electron in silicon.
II. PHYSICAL MODEL
Our physical model of the Umklapp-assisted recombi-
nation is shown in Fig. 1. First the bound electron with
wavevector kB is scattered via the Coulomb potential
VC =
q2e−r
√
ξ2
l
+2ξ2t
4πǫr
(1)
off the donor electron with wavevector kD, thereby
conserving the momenta, i.e. kB + kD = k
′
B + k
′
D.
ǫ0 = 8.854 × 10−12 F/m is the dielectric constant of
the vacuum, and ǫr = 11.56 is the relative dielectric
constant of silicon, which are combined to ǫ = ǫ0ǫr.
21
So the refractive index of silicon is about ν =
√
ǫr =
3.4. ξl = 4mlkF q
2/π~2 = 1.9 × 109 m−1 and ξt =
4mtkF q
2/π~2 = 4.0 × 108 m−1 are the Thomas-Fermi
screening lengths in longitudinal and transverse direc-
tion, where kF = (3π
2n0)
1/3 is the Fermi wavevector
and n0 = 1/L
3 is the density of the donor electrons.22
The distance between the donor electrons is about L = 4
2nm.23 The longitudinal mass in silicon is ml = 0.9163me,
where me = 9.1095× 10−31 kg is the bare electron mass.
The transverse mass in silicon is mt = 0.1905me. After
the Umklapp process the bound electron with wavevec-
tor k′B recombines with the bound hole with wavevector
k
′
h = k
′
B via the electron-photon interaction
Vr =
q
mt
A⊥p⊥, (2)
which results in the emission of a photon that can be
seen in a photoluminescence experiment. So the total
Hamiltonian describing our system is given by
H =
∑
i
p2i
2m∗i
+ VC + Vr, (3)
where the first term is the kinetic energy of the bound
electron, the donor electron, and the bound hole with the
effective masses m∗i , which takes the lattice potential via
the empirical pseudopotential method into account (see
App. B).
0.2 0.4 0.6 0.8 1 1.2 1.4
5x10 -6
0.00001
0.000015
0.00002
0.000025
0.00003
0.000035
kz [2pi/d](a)
(b)
Probability amplitude
ψe(k,k0) ψe(k,k00)~ ~
ψh(k)~
ψ'B(k')
ψ'B(k')
~
~
FIG. 1: Although the Coulomb scattering amplitude MC has
a maximum at ku = 0.55ksi (see Fig. 2), which arises from
the scattering process (b), the largest contribution to the
Umklapp-assisted recombination comes from the scattering
process (a), because the overlap of the unbound scattered
electron and the hole is largest around ku = 0 (see Fig. 4).
The transition amplitude of the Umklapp-assisted re-
combination is given by
Mtot =
1
k0
∫ k0
0
dkuM(ku) =
1
k0
∫ k0
0
dku
MCMr
Edonor − Ec(ku)
(4)
in second-order perturbation theory. Edonor is the en-
ergy level of the donor electron and Ec(k
′
B0) is the en-
ergy of the conduction band. In order to calculate the
Umklapp-assisted scattering matrix element MC and the
recombination matrix element Mr, we need to identify
the initial, intermediate, and final states (see Fig. 1 and
App. A). Since the donor and the bound electron are
in a spin singlet state (|↑B↓D〉 − |↓B↑D〉)/
√
2, the or-
bital wavefunction is symmetric in the valley combina-
tions j = ±kx0,±ky0,±kz0, i.e.,
ψBD =
∑
j
FBjφBjFDjφDj , (5)
where ±kx0 = (±k0, 0, 0), ±ky0 = (0,±k0, 0), ±kz0 =
(0, 0,±k0), and e.g.,
Fekz0(r) = FBkz0(r) = FDkz0(r) =
1√
a2b
e−
|x|+|y|
a e−
|z|
b
(6)
is the envelope function of the bound and the donor elec-
tron with a = 25.1 A˚ and b = 14.4 A˚ (see Refs. 24,25),
and
φekz0(r) = φBkz0(r) = φDkz0(r) = ucz(r)e
ik0z (7)
is the Bloch wavefunction. k0 = 0.85ksi is the distance
from the Γ point to the minimum of the conduction band
in X direction (see next section). ksi = 2π/d is the re-
ciprocal lattice vector of silicon with a lattice constant of
d = 5.43 A˚. Similarly the envelope function of the hole
state is given by
Fh(r) =
1√
c3
e−
|x|+|y|+|z|
c (8)
with c = 4πǫ~2/mhhq
2, where mhh = 0.523me. The
Bloch wavefunction of the hole is
φh(r) = uv(r). (9)
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FIG. 2: The Coulomb scattering amplitude between the
bound and the donor electron has a maximum at ku = 0.55ksi .
For the Coulomb scattering matrix element we obtain
MC = τ
2
⊥ζ
q2
ǫ
∫
dkBz
∫
dkDzψ˜
′∗
D0(kBz − ku + kDz)
× 1
(kBz − ku)2 + ξ2
ψ˜B0(kBz)ψ˜D0(kDz), (10)
which is shown in Fig. 2. The maximum ofMC is located
at ku = 0.55ksi, which is due to the scattering process (b)
3shown in Fig. 1. For the recombination matrix element
we obtain
Mr =
~qA⊥
m
∫
d3k′hψ˜h
′∗(k′h)k
′
h⊥ψ˜
′
B(k
′
h), (11)
which is shown in Fig. 4. Mr has a maximum at ku = 0.
The analytical derivations of MC and Mr can be found
in App. A. Next we need to calculate the bandstructure
of silicon, which is presented in the next section.
III. BANDSTRUCTURE OF SILICON
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FIG. 3: Bandstructure of silicon in the direction of the X
point. The minimum of the conduction band with ∆1 sym-
metry is located at kz = 0.85ksi .
We choose the empirical pseudopotential method to
calculate the bandstructure of silicon.18,19,20 A brief re-
view of this method is given in App. B. We need to
solve the Schro¨dinger equation for the pseudowavefunc-
tion, i.e.,
~
2(k+G)2
2me
uG +
∑
G′
V0(|G−G′|)uG′ = EuG. (12)
We diagonalize it using the 137G-vectors shown in Tab. I
and the form factors VS(G =
√
3) = −3.049 eV, VS(G =√
8) = 0.750 eV, and VS(G =
√
11) = 0.985 eV.
We calculate the bandstructure of silicon for 100 points
in k-space in the direction of the X point. The band-
structure is shown in Fig. 3. For our Umklapp-assisted
G G2 direction no. sum
(000) 0 Γ 1 1
(111) 3 2L 8 9
(200) 4 2X 6 15
(220) 8 2K 12 27
(311) 11 2L+2X 24 51
(222) 12 4L 8 59
(400) 16 4X 6 65
(331) 19 2L+2K 24 89
(420) 20 2X+2K 24 113
(422) 24 4L+2X 24 137
TABLE I: G-vectors used in the empirical pseudopotential
calculation.
recombination the following symmetries are important:
the conduction (valence) band at the Γ point has the
symmetry Γ25′ (Γ15), which transforms as {yz, xz, xy}
({x, y, z}). The conduction band at the X point has the
symmetry ∆1, which transforms as {z}. So the initial
bound electron state before the recombination has the
symmetry ∆1 and the hole has the symmetry Γ15. Since
the spin-orbit splitting at the Γ point is ∆so = 0.044 eV
(see Ref. 26), the heavy-hole states including spin are
represented by∣∣∣∣J = 32;M = 32
〉
=
1√
2
(|yz〉+ i |xz〉) |↑〉 ,
∣∣∣∣J = 32;M = 12
〉
=
√
2
3
|xy ↑〉 − 1√
6
|(y + ix)z ↓〉 ,
∣∣∣∣J = 32;M = −12
〉
=
√
2
3
|xy ↓〉+ 1√
6
|(y − ix)z ↑〉 ,∣∣∣∣J = 32;M = −32
〉
=
1√
2
(|yz〉 − i |xz〉) |↓〉 . (13)
That is the origin of the selection rules found experimen-
tally in Ref. 11.
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FIG. 4: The recombination amplitude for the unbound scat-
tered electron is largest around ku = 0. The oscillator
strength for the recombination of the scattered electron is
frec(ku = 0) = 0.023.
4IV. OSCILLATOR STRENGTH
In textbooks such as Ref. 27 the oscillator strength is
defined as
f =
2
mEni
|〈n| p |i〉|2 , (14)
where Eni is the energy difference between the initial
|i〉 and the final state |n〉. For our Umklapp-assisted
recombination the oscillator strength is thus given by
ftot =
2
moptEgap
∣∣∣∣∣ghhgsMtotq
mt
A⊥
∣∣∣∣∣
2
, (15)
where Egap = 1.1 eV is the indirect bandgap energy,
mopt = 3/(1/ml+2/mt) is the effective mass of the elec-
tron that ensures the sum rule
∑
n fni = 1,
28 ghh = 2
is the degeneracy of the heavy-hole band and gs = 2 is
the spin degeneracy. We calculate first numerically the
Coulomb scattering amplitude MC(ku), which is shown
in Fig. 2. Then we calculate numerically the recom-
bination amplitude Mr(ku), which is shown in Fig. 4.
In Fig. 5 we plot the Umklapp-assisted recombination
amplitude M(ku). Inserting MC(ku) and Mr(ku) into
Eq. (4) and integrating over ku yields
ftot = 10.1× 10−6, (16)
which is in excellent agreement with the oscillator
strength fexp = 7.1 × 10−6 of the recombination of an
exciton bound to a phosphorous donor in silicon reported
in Ref. 17. For comparison, the direct recombination of
the bound electron with the bound hole over the indirect
bandgap has an oscillator strength of fdirect = 4× 10−33.
V. OPTICAL READOUT
In this section we show two methods that can be used
to improve the optical resolution of the optical detection
of the spin state of a single nucleus in silicon (see Ref. 7):
• The first method is inspired by the optically de-
tected magnetic resonance technique (ODMR)8,
where the induced ESR Rabi oscillation alters the
lifetime of the bound exciton and is thus optically
detectable. Since the transition from the bound
hole state MJ = −3/2 to MS = +1/2 is forbidden,
mixing the spin states in an equal superposition of
MS = +1/2 and MS = −1/2 leads to a doubling of
the lifetime of the bound exciton.
• The second method makes use of a strong ESR field
that renormalizes the spin levels in such a way that
the hyperfine and Zeeman splitting of the nuclear
spin is increased. As in the first method, the pho-
tons of the ESR field dress the spin states of the
donor electron.
The Hamiltonian for the electron-nucleus system is
Hs = geµBH · S− gnµnH · I+AS · I (17)
in the generalized rotating frame. If we choose the basis
{|↑e↑n〉 , |↑e↓n〉 , |↓e↑n〉 , |↓e↓n〉}, the Hamiltonian reads
Hs =


geµB
2 Hz − gnµn2 Hz + A4 − gnµn2 Hx geµB2 Hx 0
− gnµn2 Hx geµB2 Hz + gnµn2 Hz − A4 −A2 geµB2 Hx
geµB
2 Hx −A2 − geµB2 Hz − gnµn2 Hz − A4 − gnµn2 Hx
0 geµB2 Hx − gnµn2 Hx − geµB2 Hz + gnµn2 Hz + A4

 .
(18)
The energy levels of the electron and nuclear spin are
shown in Fig. 6.
Typical external magnetic fields used in experiments
are Hz = 3.0, 5.0, and 7.0 T. In a field of Hz = 3.0 T
the Zeeman splittings of the electron and nuclear spin
are geµBHz = 0.35 meV and gnµnHz = 0.21 µeV, re-
spectively. The hyperfine splitting is A = 0.50 µeV.
Thus the splitting between |↑e↑n〉 and |↑e↓n〉 is ∆↑e =
E↑e↑n − E↑e↓n = A/2 − gnµnHz = 0.03 µeV, whereas
the splitting between |↓e↑n〉 and |↓e↓n〉 is ∆↓e = E↓e↓n −
E↓e↑n = A/2 + gnµnHz = 0.46 µeV. The hyperfine and
Zeeman splittings for Hz = 3.0, 5.0, and 7.0 T are shown
in Tab. II.
We follow here the derivation of dressed states given in
Ref. 29. The Hamiltonian of the quantized photon field
is
Hp = ~ωaˆ†aˆ, (19)
where aˆ (aˆ†) is the annihilation (creation) operator of
a photon. The interaction between the microwave pho-
tons and spin of the electron of the Phosphorus donor is
described by
V = −µ ·B, (20)
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FIG. 5: Due to the large overlap of the unbound scat-
tered electron and the hole around ku = 0 (see Fig. 4),
the Umklapp-assisted recombination amplitude Mtot is dom-
inated by the terms M(ku) around ku = 0. For example,
f(ku = 0) = 1.1× 10
−8.
where the quantized magnetic field is given by
B =
√
~
2ǫ0c2pL
3
[
aˆ
i (k× ǫ)
k
+ aˆ†
(−i) (k× ǫ∗)
k
]
, (21)
where cp is the light velocity. The spin-photon interaction
can be simplified to
V = gsp
[
(e · S) aˆ+ (e∗ · S) aˆ†] . (22)
We use the circular polarization vectors
e± =
1√
2
(ex ± iey) (23)
and the spin ladder operators S± = Sx ± iSy. Then we
obtain
Vσ+ =
gsp√
2
(
aˆS+ + aˆ
†S−
)
,
Vσ− =
gsp√
2
(
aˆS− + aˆ
†S+
)
. (24)
There are two coupled states
|φ↓e〉 = |↓e, N + 1〉 ,
|φ↑e〉 = |↑e, N〉 . (25)
If the interaction vanishes, the energies are E↓e = (N +
1)~ω − 12~ω0 and E↑e = N~ω + 12~ω0. The energy sep-
aration is ~ω↓e↑e = ~(ω − ω0). The matrix elements of
Vσ+ read
〈φ↓e |Vσ+ |φ↓e〉 = 〈φ↑e |Vσ+ |φ↑e〉 = 0,
〈φ↑e |Vσ+ |φ↓e〉 =
gsp√
2
√
N + 1 ≈ ~Ω = gsp
√
〈N〉
2
.(26)
The eigenstates are
|χ1(N)〉 = sin θ |φ↓e〉+ cos θ |φ↑e〉 ,
|χ2(N)〉 = cos θ |φ↓e〉 − sin θ |φ↑e〉 , (27)
where tan 2θ = −Ω/ (ω − ω0), 0 ≤ 2θ < π. The eigenen-
ergies are
E1/2 =
(
N +
1
2
)
~ω ± ~
√(
ω − ω0
2
)2
+
(
Ω
2
)2
. (28)
Let us tune the oscillating transverse microwave field to
the transition between |↑e↑n〉 and |↓e↑n〉. Then the eigen-
states are
|χ↑n1〉 = (|φ↓e〉+ |φ↑e〉) |↑n〉 /
√
2,
|χ↓n1〉 = (sin θ |φ↓e〉+ cos θ |φ↑e〉) |↓n〉 /
√
2,
|χ↓n2〉 = (cos θ |φ↓e〉 − sin θ |φ↑e〉) |↓n〉 /
√
2,
|χ↑n2〉 = (|φ↓e〉 − |φ↑e〉) |↑n〉 /
√
2, (29)
where tan 2θ = − 12geµBHx/A. The eigenenergies of the
electron-nucleus system are
E↑n1 = −
geµB
2
Hz − gnµn
2
Hz − A
4
− geµBHx
2
,
E↓n1 = −
geµB
2
Hz +
gnµn
2
Hz +
√(
A
4
)2
+
(
geµBHx
2
)2
,
E↓n2 =
geµB
2
Hz +
gnµn
2
Hz −
√(
A
4
)2
+
(
geµBHx
2
)2
,
E↑n2 =
geµB
2
Hz − gnµn
2
Hz +
A
4
+
geµBHx
2
. (30)
The oscillator strength for the exciton recombination in
Si:P is f = 7.1× 10−6 (see Ref. 17). The binding energy
of the exciton to the phosophorus donor is Ebinding = 4.7
meV. The recombination rate is about w = 400 s−1. This
leads to an interaction energy of
Eint =
√
~wΓ = 12 neV, (31)
where Γ = 100 µeV is the linewidth of the recombination.
Hz geµBHz gnµnHz ∆↑e ∆↓e
3.0 T 0.35 meV 0.21 µeV 0.03 µeV 0.46 µeV
5.0 T 0.58 meV 0.36 µeV -0.11 µeV 0.61 µeV
7.0 T 0.81 meV 0.50 µeV -0.25 µeV 0.75 µeV
TABLE II: The hyperfine and Zeeman splitting of the spin
states of the donor electron.
If the electron-photon interaction energy Eint is much
weaker than the microwave coupling energy geµBHx, the
states |χ↑n1〉, |χ↓n1〉, |χ↓n2〉, and |χ↑n2〉 are good eigen-
states. Then the ODMR method works, because the final
state of the radiative recombination is given by |χ↑n1〉,
which doubles the lifetime of the bound exciton. The
transverse microwave field should have a strength of at
leastHx = 1.0 G, leading to a microwave coupling energy
of geµBHx = 10.0 neV.
In addition, it can be seen from Eq. (30) that the
hyperfine splittings are increased, which effectively in-
creases the optical resolution. In order to obtain at
6NMR
NMR
ESR ESRgeµBHz
}{ }
∆↑e=A/2-gnµnHz
∆↓e=A/2+gnµnHz
Mz=-3/2
σ
−
Mz=-1/2
Mz=+1/2
Mz=+3/2
σ
−
pi
pi
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FIG. 6: The energy levels of the electron and nuclear spin of
the donor electron are shown at the botton. The energy levels
of the bound hole are shown at the top.
least a 10% increase of the hyperfine+Zeeman splitting
of the two lowest energy levels, the oscillating trans-
verse magnetic field must have a strength of 10.0 G,
which yields the transverse Zeeman splittings of the
electron and nuclear spin of geµBHx = 0.12 µeV and
gnµnHx = 0.07 neV, respectively. For a longitudinal
magnetic field of Hz = 3.0 T, the shifted hyperfine
splitting is ∆2 = E↑n2 − E↓n2 = 0.10 µeV, whereas
∆1 = E↓n1 − E↑n1 = 0.53 µeV. The shifted hyperfine
and Zeeman splittings for Hz = 3.0, 5.0, and 7.0 T are
shown in Tab. III.
The frequency-resolved photon detection has the ad-
vantage that a single photon detection is sufficient for
determining the spin of the nucleus, whereas the ODMR
measurement needs to be done in an ensemble in order to
determine the radiative recombination time. Maybe the
hyperfine+Zeeman splitting of ∆↓e = A/2 + gnµnHz =
0.75 µeV in a Hz = 7.0 T field is already sufficient for
frequency-resolved photon detection.
VI. CONCLUSION
We calculated the oscillator strength of recombination
of an exciton bound to a donor electron in silicon. We
Hz ∆↑e ∆↓e ∆2 ∆1
3.0 T 0.03 µeV 0.46 µeV 0.10 µeV 0.53 µeV
5.0 T -0.11 µeV 0.61 µeV -0.04 µeV 0.68 µeV
7.0 T -0.25 µeV 0.75 µeV -0.18 µeV 0.82 µeV
TABLE III: Change of the hyperfine and Zeeman splitting of
the spin states of the donor electron.
showed that the Umklapp-assisted recombination, con-
sisting of a scattering between the bound electron and
the donor electron and the recombination of the un-
bound scattered electron, gives the main contribution.
The calculation of the Umklapp-assisted recombination
was done in second-order perturbation theory. We made
use of the empirical pseudopotential method to find the
Bloch wavefunctions of silicon. The calculated oscillator
strength is in excellent agreement with the experiment.
We gave also two methods to improve the resolution of
the detection of a nuclear spin of a donor electron in sil-
icon.
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APPENDIX A: MATRIX ELEMENT OF
UMKLAPP-ASSISTED RECOMBINATION
We are going to calculate the matrix elements MC
Mr in the reciprocal lattice space by Fouriertransform-
ing the wavefunctions. The Bloch wavefunctions can be
expanded in reciprocal lattice vectors as
φBkz0(r) = e
ikz0z
∑
G
ucGe
iG·r (A1)
for the electron wavefunctions and
φh(r) =
∑
G
uhGe
iG·r (A2)
for the hole wavefunction. Thus the electron
wavefunctions in k-space are given by ψ˜e(k, kc) =∑
G
ucGψ˜eG(k, kc) with
ψ˜eG(k, kc) =
(
2
πa2b
) 3
2 1(
1
a2 + (kx +Gx)
2
)
× 1( 1
a2 + (ky +Gy)
2
)
× 1( 1
b2 + (kz +Gz − kc)2
) , (A3)
7centered at kc, and the hole wavefunction by ψ˜h(k) =∑
G
uhGψ˜hG(k) with
ψ˜hG(k) =
(
2
πc3
) 3
2 1(
1
c2 + (kx +Gx)
2
)
× 1( 1
c2 + (ky +Gy)
2
)
× 1( 1
c2 + (kz +Gz)
2
) . (A4)
So the initial bound and donor electron wavefunctions are
ψ˜B(k) = ψ˜D(k) = ψ˜e(k, k0). The intermediate scattered
electron wavefunction in k-space is given by ψ˜′B(k
′) =∑
G
ucGψ˜BG(k
′) with
ψ˜BG(k
′) =
(
2
πa2b
) 3
2 1(
1
a2u
+ (kx +Gx)2
)
× 1(
1
a2u
+ (ky +Gy)2
)
× 1(
1
a2u
+ (kz +Gz − ku)2
) , (A5)
where au = 1000d, the intermediate donor electron wave-
function by ψ˜′D(k
′) = ψ˜e(k, k00), where k00 = 1.15ksi,
and the intermediate hole wavefunction by ψ˜′h(k
′) =
ψ˜h(k). Note that only the bound and the donor elec-
tron scatter off each other.
Since the Coulomb interaction is local within each Bril-
louin zone, interference effects can be neglected and thus
it is sufficient to calculate the Coulomb scattering matrix
element within the first Brillouin zone, i.e.
MC = 〈ψ′Bψ′D |VC|ψBψD〉 =
q2
ǫ
∫
d3k′B
∫
d3kB
∫
d3kD
×ψ˜′∗B0(k′B)ψ˜′∗D0(kB − k′B + kD)
1
(kB − k′B)2 + ξ2
×ψ˜B0(kB)ψ˜D0(kD), (A6)
where we used the relation∫
d3rB
∫
d3rDe
−ik′B·rBe−ik
′
D·rD
q2e−ξrBD
4πǫrBD
eikB·rBe−ikD·rD
=
q2
(2π)3ǫ
∫
d3kBD
δ(kB − k′B + kBD)δ(kD − k′D − kBD)
k2BD + ξ
2
=
q2
(2π)3ǫ
1
(kB − kB)2 + ξ2
δ(kB − k′B + kD − k′D), (A7)
where rBD = rB − rD and kBD = 2π/rBD. Numerical
calculations show that the Coulomb potential is well ap-
proximated by
V˜C(kB − k′B) ≈
q2
ǫ
1
(kBz − k′Bz)2 + ξ2
, (A8)
i.e. only the longitudinal dependence of the Coulomb
potential in z direction is taken into account. Then the
integrations in x and y directions can be solved analyti-
cally, which yields
MC = τ
2
⊥
q2
ǫ
∫
dk′Bz
∫
dkBz
∫
dkDzψ˜
′∗
B0(k
′
Bz)
×ψ˜′∗D0(kBz − k′Bz + kDz)
1
(kBz − k′Bz)2 + ξ2
×ψ˜B0(kBz)ψ˜D0(kDz), (A9)
where
τ⊥ =
1
4π2a
{
i [log(−ia)− log(ia)]
[
log(−ia
3
)− log(ia
3
)
]
×
[
log(−ia
2
)− log(ia
2
) + log(−ia)− log(ia)
]
+i [log(−ia)− log(ia)]2
[
log(−ia
2
)− log(ia
2
)
−7 log(−ia) + 7 log(ia)]} . (A10)
Since the scattered electron state ψ˜′
∗
B0(k
′
Bz) is un-
bound, we can treat it as the square root of a
delta-function with width au, i.e. ψ˜
′∗
B0(k
′
Bz) =√
δ(au)(k′Bz − ku). This means that we can approximate
the integral
∫
dk′Bzψ˜
′∗
B0(k
′
Bz)h(k
′
Bz) by h(ku)ζ, where
ζ =
∫
dk′Bzψ˜
′∗
B0(k
′
Bz), for any function h(k
′
Bz). Thus we
obtain
MC = τ
2
⊥ζ
q2
ǫ
∫
dkBz
∫
dkDzψ˜
′∗
D0(kBz − ku + kDz)
× 1
(kBz − ku)2 + ξ2
ψ˜B0(kBz)ψ˜D0(kDz), (A11)
which is solved numerically (see Fig. 2).
In the case of the recombination we cannot neglect
interference effects, because the electron-photon interac-
tion is nonlocal in k-space. We obtain
Mr =
~qA⊥
m
∫
d3k′hψ˜h
′∗(k′h)k
′
h⊥ψ˜
′
B(k
′
h), (A12)
which is solved numerically (see Fig. 4).
APPENDIX B: EMPIRICAL
PSEUDOPOTENTIAL METHOD
We give here a brief review of the empirical pseudopo-
tential method. At each lattice site there is an atom with
a nucleus, core electrons, and valence electrons. The at-
tractive nuclear potential Vn is large and varies strongly
throughout the lattice. The main observation is that Vn
is almost canceled by the repulsive potential Vrep pro-
duced by the core electrons. So we need to consider only
the valence electrons moving in a net weak one-electron
potential Vp, which is called the pseudopotential.
8The full Bloch wavefunctions can be expressed as
Φ = φ+
∑
t
αtϕt. (B1)
Φ must be orthogonal to the core wave functions ϕt, i.e.
〈ϕt|Φ〉 = 0, which yields
αt = −〈ϕt|φ〉 . (B2)
Then applying the Hamiltonian Hn = p2/2me + Vn to Φ
leads to the Schro¨dinger equation(
p2
2me
+ Vn + Vrep
)
φ = Eφ, (B3)
where the short-range non-Hermitian repulsive potential
is given by
Vrepφ =
∑
t
(E − Et)ϕt 〈ϕt|φ〉 , (B4)
with E being the full energy eigenvalue of Φ. φ is called
the pseudowavefunction. Since the crystal potential is
periodic, the pseudopotential Vp = Vn + Vrep and can be
expanded in a Fourier series over the reciprocal lattice
vectors G, i.e.
Vp =
∑
G
V˜0(G)e
iG·r, (B5)
where
V˜0(G) =
1
L3
∫
d3rV0(r)e
−iG·r. (B6)
For zincblende and diamond lattices usually a two-atom
basis is chosen, such that
V0(r) = Vcation(r− τ) + Vanion(r+ τ), (B7)
where τ = (1, 1, 1)d/8. Then the Fourier potential reads
V˜0(G) = e
iG·τ V˜cation(G) + e
−iG·τ V˜anion(G). (B8)
The Fourier coefficients can be rewritten in terms of the
symmetric and antisymmetric form factors V˜S = V˜cation+
V˜anion and V˜A = V˜cation − V˜anion. Thus
V˜0(G) = cos(G · τ )V˜S(G) + i sin(G · τ )V˜A(G), (B9)
where the prefactors of the form factors are the structure
factors. Since silicon has a diamond lattice, V˜A(G) = 0.
The pseudowavefunction can also be expanded in a
Fourier series, i.e.
φ(r) = eik·ru(r) = eik·r
∑
G
uGe
iG·r. (B10)
Inserting the pseudowavefunction φ and the pseudopo-
tential Vp into Eq. (B3) yields
~
2(k+G)2
2me
uG +
∑
G′
V0(|G−G′|)uG′ = EuG. (B11)
Diagonalization of this Hamiltonian yields an effective
mass Hamiltonian, which is the first term on the right
side of Eq. (3).
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